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Multiple solutions for a inclusion quasilinear 
problem with non-homogeneous boundary 
condition through Orlicz Sobolev spaces 

Rodrigo C. M. Nemer and Jefferson A. Santos* 


Abstract 

In this work we study multiplicity of nontrivial solution for 
the following class of differential inclusion problems with non- 
homogeneous Neumann condition through Orlicz-Sobolev spaces, 

J — div(cf>(\X7u\)X7u) + (f>(\u\)u € XdF(u) in It, 

\ € pdG(u) on <90, 

where C BA is a domain, N > 2 and dF(u ) is the generalized 
gradient of F(u). The main tools used are Variational Methods for 
Locally Lipschitz Functional and Critical Point Theory. 
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1 Introduction and prerequisites 

Let 0 C lA, N > 2, be a bounded domain with smooth boundary <90 
and consider a continuous function 0 : (0, +oo) —> (0, +oo). For A, /i > 0, we 
study existence of nonnegative solutions for the differential inclusion problem 
with non-homogeneous Neumann condition 

, p s j — div^cfd V« |)Vu) + <f(\u\)u G \dF{u) in C, 

(Cy/d j | e /xdG{u(x)) on 3Q, 
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where F, G : M — > M are locally Lipschitz and 

dF(t) = {s e 1; F°(t ; r) > sr, ret}, 

where F°(t\ r ) denotes the generalized directional derivative of t K > F(t) 
in the direction of r, that is 

F»(t;r)=lim SU ptf®±ihr£M. 

y—>t, s —>0 S 

Analogously, we define dG(t) and G°{t\r). 

It is well know (see e.g. mm) that if F is of class C 1 , then 

9F(t) = {F'(t)}. 

In this case, one has an equation in (P\ tlJ ,), instead of an inclusion. We refer 
the reader to Clarke ra. Chang HI!, Carl, Le and Motreanu p3] and their 
references. A few remarks are in order. 

Remark 1.1 Kristaly, Marzantowicz, and Varga JTffl studied the problem 
(Px,n) /or cj){t) = \t\ p ~ 2 . By using a result of Ricceri they guaranteed the 
existence of three critical points for a nonsmooth functional associated to the 
problem 

j —A p u + \u\ p ~ 2 u G A dF{u) in O, 

\ g G pdG(u) on dfl. 

The study of nonlinear partial differential equations with discontinuous 
nonlinearities is motivated by various real-life phenomena coming from 
Mechanics and Mathematical Physics. Problems from the latter had been 
treated by several authors, such as Pucci and Serrin m, Ricceri [261 G7], 
Marano and Motreanu (2Di [22], Arcoya and Carmona [4], Bonanno 0!, 
Gasihski and Papageorgiou [16], Kristaly [T9] . Bonanno and Candito [7], 
Alves and Nascimento [3]. More recently, Alves, Gongalves and Santos [2] 
established existence of nontrivial solutions for the problem 

—div(<^(|Vit|)V'it) — b{u)u G A dF(x,u) in G, 

where A > 0 is a parameter and f> : [0, +oo) — > [0, +oo) is a C' 1 -function 
satisfying 

(<fi) lim s<J)(s) = 0 and lim s(j)(s) = +oo, 

s^0+ s—>-+oo 
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( 02 ) s H > sfas) is increasing in [ 0 , oo), 

( 0 3 ) £ < <771, t > 0 , l,m > 0 and $(£) = sfas)ds , 

where 6 is a continous function and F, locally Lipschitz. 

In general, 0 is not a power function, not even homogeneous, but it is 
convex. Thus, in general, Orlicz-Sobolev spaces, rather than Sobolev spaces, 
are used in the study of problems like For instance, in Elasticity and 

Geometry, some authors (cf. Fukagai and Narukawa |15j . Dacorogna [ 13] ) 
deal the with de problem where 0 is given by 

fat) = 2a(l + t 2 ) Q_1 , t > 0, (1.1) 

1 < « < # 2 - I 11 this case the corresponding Orlicz-Sobolev space is actually 
equal to a Sobolev space. On the other hand, the function 

fat) = pt p ~ 2 ln(l + t) + t > 0 . 

where v/1+ ^ 7V ~ 1 < p < N — 1, gives an example where the Orlicz-Sobolev 
space is not equal to a Sobolev space. These remarks follow by applying a 
result in [25] , 

The main result of this paper is the following 

Theorem 1.1 Let F, G : M —y R be locally Lipschitz functions satisfying the 
conditions 

(Fi) there is c\> 0 such that 

l£l < c i(l + &(l*l)l*l)> f G dF(t), t E M, 
with b : (0, + 00 ] —> M a C 1 function verifying 

m < b 0 < < 61 < l*, (bi) 

B[t) 

for all t > 0, with 

(b(t)t)' > 0 , t > 0 , ( 62 ) 


and B(t) = b(s)s ds; 
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(F 2 


lim 

t —>0 


max{|£|;£ G dF(t)} 

0 ( 1 * 1 )!*! 


= 0 , 


Fit) 

(F 3 ) lim sup—— < 0; 

|£|—>-+oo ( ^V'J 


(F 4 ) assume that F( 0) = 0 and there is t 0 6l \ {0} such that F(f 0 ) > 0; 
(Gi) there is c 2 > 0 such that 


|£| < c 2 (l + KkDkl), £ ^ d G(s), s G M, 


where b : (0, +oo) — y (0,+oo) satisfies ( b x ) — ib 2 ), with 
B{t) = b(s)s ds, b 0 = b 0 and b 3 — b\, 1 <b 0 <bi <7 = /( ^,~** . 

Then there exists a nondegenerate compact interval [a,b] C (0,+oo) and a 
number r > 0 such that for every A G [a, b\, there is p 0 G (0, A + 1] such that 
for each p G [0,//o], the problem (P\^) has at least three distinct solutions 
with W 1 '®-norms less than r. 


Here, a function u G is a solution of the problem (P\,ff), if there 

are fp G Lp(Q) and £g G L-^(dQ), such that for all v G VP 1 ,$ (n) we have 


f>{\ Vu |)VnVn + f(\u\)uvdx = A / ^pvdx + p / t;cvdx. 


/an 


Moreover, 


Cf(x) G dF[u(x )) and £ G (x) G dG[u(x)) for a.e. iGfl. 

The proof of Theorem 11.11 rests upon variational techniques and consists 
in finding critical points of the energy functional associated to (Pa !# 1 ), defined 
for each u G W 1 ,$ (n) as 

J\^(u) = / <f>(|Vw|) + <&{\u\)dx — A / F{u)dx — p / G{u)dx. ( 1 . 2 ) 
Jn Jn Jan 

Due to the generality of problem (P\ ifl ), J\^ is only locally Lipschitz 
continuous. The solutions are obtained applying an extension of the Three 
Critical Points Theorem, due to Kristaly, Marzantowicz and Varga [18] , 
for locally Lipschitz functions. To apply this theorem, it was necessary, 
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among other things, to develop a new Chain Rule Theorem and a compact 
embedding between fF 1,$ (fI) and Orlicz spaces defined over <972. We believe 
these tools are new, since we could find nothing related in the literature. 

This paper is divided in three more sections. In the next, we give the 
basics of nonsmooth functionals on Banach spaces and new Chain Rule 
Theorem (Theorem 12.ip : in the third section, we present nonsmooth Ricceri’s 
theorem and some aspects of Orlicz-Sobolev spaces; finally, in Section 4, we 
present an application of the results shown in the previous sections to a 
differential inclusion problem with nonhomogeneous boundary condition and 
a new compact embedding (Theorem 14.11) . 


2 Basics on Nonsmooth Functionals on 
Banach Spaces 


Let yY be a Banach space and 7 : X —> M be a locally Lipschitz functional, 
or 7 G Lipi oc (X, M) for short, that is, given u G X, there are an open 
neighborhood V = V u C X and a constant K = K v > 0 such that 

| I(v 2 ) - I(v i) |< K\\v 2 - ui||, v u v 2 e V. 


The directional derivative of 7 at u in the direction of v G X is defined by 


7°(u; v) = lirnsup 


I(u + h + Xv) — I(u + h ) 


0, A—>0+ ^ 

It follows that 7°(u;.) is subadditive and positively homogeneous, that is, 
7°(it; Vi + v 2 ) < 7°(u; t>i) + 7°(u; v 2 ) 


and 

I°(u; Xv) = A7°(it; v), 

where u,v,v 1 ,v 2 G X and A > 0. As a byproduct, 

| 7°(u; t»i) - I°(u; v 2 ) |< 7°(u; vi - v 2 ) < K\\v x - v 2 \\ x , 

for some K = K u > 0. In addition, 7°(u; .) is continuous and convex. The 
generalized gradient of 7 at u is the set 

dl(u) = {/iG X*-, (n,v) < I°(u;v), v G X}. 

Since 7°(u; 0) = 0, dl{u) is the subdifferential of 7°(u; 0). Further properties, 
definitions and remarks are given below (cf. iQ.. [9] for proofs): 




6 


(51) dl(u) C X* is convex, nonempty and weak*-compact] 

(5 2 ) m/(w) := min{||/i||x*; pedl(u)}; 

(5 3 ) dl(u) = {r(u)}, if/GC' 1 (X,M); 

(5 4 ) A point uq G X is a critical point of I if 0 G dI(uo ); 

(5 5 ) c G M is a critical value of I if there is a critical point w 0 of I 

such that I(uo) = c, and we set 

I< c = {«Gl; 0 G dl(u), I(u) = c}; 

(Sq) If uq is a local minimum of I, then it is a critical point of I. 

The support function of a nonempty subset £ of X*, X being such that 
X C X **, is the function : X —y M. U {+ 00 } defined by 

a s (u) = sup{(£, v)\ f G £}. 

(S7) Let £, A be nonempty weak*-closed convex subsets of X*. Then 
£ C A if, and only if, cte(v) < a a(u), d G I; 

(Sg) I°(u]v) = max{(/x,u );n G dl[u)}, which means J°(u;.) is the support 
function of dl(u); 

(S 9 ) If I e C , 1 (A',M), then d(I + J)(u) = dl(u) + dJ(u); 

(S 10 ) The map dl is weak*-closed, in the sense that if {(uj,£j)} G (X,X*) 
is a sequence such that ^ G dl{uf) and Uj —>■ u, then f G dl(u); 

(Sn) (u,v) I°(w,v) is upper semicontinuous; 

(S 12 ) The set-valued map x 1 —> df(x) is upper semicontinuous, that is, for 
every x 0 G X and every e > 0, there is 5 = 5(xq, e) > 0 such that for 
each x with ||x —xo||x < $ and for each £ G df(x) there is a f 0 G df(x 0 ) 
such that ||^ — ^ 01 |x* < e 

The first result in this article is a version of Chain Rule theorem. We point 
out that this result is a different version of that in the books of Rockafellar 
and Wets [28] and Clarke [TO], where one has g of class C 1 and / a locally 
Lipschitz function. We observe that we didn’t find this kind of result in the 
literature. 
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Theorem 2.1 Let f : X —> M, and let g : R —> R 6 e function. Suppose that 
f is Lipschitz in a neighborhood of x and that g is strictly differentiable near 
f(u). Then F — g o f is Lipschitz in a neighborhood of x, and one has 

dF(u) C g'(f(u))df(u), u £ X. (2.1) 

Remark 2.1 The meaning of H2.1\) is that every element z of dF(u) can be 
represented as 

(z,v) = g'(f(u))((f,v)), v£X, 

for some £ £ df{u). 

Proof of theorem \2.1[ We begin noticing that 

g\f(x)).df(x) = {gf(f(x)).£ E X*\ £ £ df(x)}, x £ X. 

For every x,v £ X, let 

q 0 (x,v) := ma x{g'(f (x))(£, v); £ £ df(x)}. 

The relation above defines a support function for g'(f(x)).df(x). 

Claim 2.1 The set g'(f(x)).df(x) C X* is convex and weakly-* closed. 

The convexity of g'(f(x)).df(x) follows from that of df{x). For the weak-* 
closedness, let (£ n ) C g'(f(x)).df(x) be such that ^ 0, where —^ stands 
for weak* convergence. Note that f n = g'(f(x)).£ n , where (£„) C df(x). 
Thus ||£ n ||* < K(x), where K(x) > 0 is the Lipschitz constant of / at x, 
and (£„) C B K ^ x y Since B K ^ is weakly-* compact, there is a subsequence 
(fj) C (£ n ) such that fj £ £ B K ( x y Using the weak-* closedness of df(x), 
we have f £ df(x). Then ^ = g'(f( x ))£j A #'(/(»)£ e g'{f( x ))df(x ), and, 
by uniqueness of weak-* limit, <f = g'(f(x))f £ g'(f(x)).df(x), finishing the 
proof of the claim. 

Next, let F°(x;v) and q 0 (x]v) be the support functions of dF(x) and 
g'(f( x )).df(x), respectively. Then, to demonstrate the desired inclusion, it 
suffices to show that F°(x]v) < qo(x]v), for all x, v £ X (see Sr). To this 
end, consider e > 0 and u ^ 0 (since for v — 0 , F°(x; 0 ) = 0 = qo(x ; 0 ) and 
the conclusion follows). Now define q t := swp{g'(y).(f, v); f £ df(B e (x)),y £ 
(f(x) — e,f(x) + e)}. Observe that F £ Lipi oc (X,R ), since g £ C 1 . By 








definition of limsup, there are h e £ X, X e > 0, with h f —y 0 and A e —y 0 + , 
such that x + h e , x + h e + X t v £ B e (x), 


0 F(x + h e +X € v) - F(x + h e ) 

r (x; v) — e <--- 

A e 

and f(x + h e + X e v), f(x + h e ) £ (f(x) — e, f(x) + e), since / is continuous. 
By Mean Value theorem, there is 2 : e such that 

g(f{x + K + X e v)) - g(f(x + h e )) = g'(z e )(f(x + h e + X e v) - f(x + h e )). 

On the other hand, by Lebourg’s Mean Value theorem, 

f(x + h e + X e v) - f(x + h e ) = (^ e , X e v), 

for £ df(w e ), with w e £ [x + h e , x + h e + A e u]. Then 

F°(x; v) — e < g t (z e ){£ e , v) < q e (x\ v), (2.2) 

since, in particular, z e £ (f(x) — e, f(x) + e). 

Claim 2.2 lim^o q £ (x] v) = qo(x;v), forx,v £ X. 

It suffices to show that given a' > 0, there is e 0 > 0 such that 

qo(x,v) - a' < q e (x,v) < qo(x,v) + a , Ve £ (0,e 0 ). 

Observe that 


q 0 (x,v) - o’ < q 0 {x,v ) < q e {x,v). (2.3) 

Let us fix A > 0 and choose e\ > 0 such that 

f(B e {x)) C (f(x) - S, f(x) + S), Ve £ (0, ei). (2.4) 

By the continuity of g', there is p > 0 such that 

f p,f(x) +p)) C (g'(f(x))-5,g'(f(x)) + 8). (2.5) 

Since df is lower semi continuous (see S' 12 ), there is 62 > 0 such that for all 
y £ B € 2 (x) and £ £ df(x), there is £0 G df(y ) verifying ||£ — £ 0 || < 5, that is, 

df(B £2 (x)) C B s + df(x) = B s (df(x)). (2.6) 
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For e G (0,min{ei,e 2 ,p}), by (1231) and (1231) . 

q e (x,v) = ma x{g'(y).(£,v)] £ E df{B e (x)),y E (f(x) - e,f(x) + e)} 

< sup {g'(y).(£, v)\ £ E B s + df(x),g'(y ) e (g'(f(x)) - 5, g\f(x )) + 5)}. 

Thus 

q e (x,v) < sup{g'(y)(£, v);£ E B s ,g'(y ) E (-5,5)} 

+ sup {g'(y)(£,v);£ E B s ,g'(y) E {g'(f(x))j } 

+ sup-{ [g'(y)(£,v);£ E df(x),g'(y) E (-6,6)} 

+ sup {g'(y)(€,v);€ E df(x),g'(y ) e {g'(f(x))} }, 

which implies 

Qe(x,v) <sup{|#'(?/)|.||£||*||'t;||;£ E B s ,g'(y ) E (-5,5)} 

+ su P{|</(j/)UI£||*IMI) £ e B s ,g'(y) E {g'(f(x))} } 

+ sup-{y(y)|.||£||*|H|;£ E df(x),g'(y ) E (-5,5)} 

+ qo(x,v) 

<5 2 ||u|| + \g'(y)\6\\v\\ + 6K(x)\\v\\ + q 0 (x,v). 

Taking the limit 5 —> 0 + , 

q e (x, v ) < q 0 (x, v ) < q 0 (x, v ) + a'. (2.7) 

Therefore we conclude Claim 12.21 by ( 12 .3j) and (12.71) . 

Finally, taking the limit e —> 0 + on (12.2p . 

F°(x,v) < q 0 (x, v), 

and, by Claim 12.11 if follows that 

dF(x) C g'(f(x)).df(x). 


As in HD, we say that / satisfies the nonsmooth Palais-Smale 
condition at level c £ R (nonsmooth (PS ) C —condition for short), if 
every sequence {u n } C X such that 

I(u n ) —$■ c and mi(u n ) — > 0, 
has a strongly convergent subsequence. 
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3 Nonsmooth Ricceri’s multiplicity theorem 
and a review on Orlicz-Sobolev spaces 

The next theorem is similar to [THJ Theorem 2 . 1 ] and its proof will be omitted. 
For every r > 0, let G r denote the class of functions 

G r = {g E C' 1 (M, R) is bounded, and gft) = t for any t E [—t, r]}. 

Theorem 3.1 Let (X, || . ||) be a real reflexive Banach space and X, i — 1,2 
be two Banach spaces such that the embeddings X ^ X, t are compact. Let Y 
be a real interval, $i : X —> R + is sequentially weakly lower semicontinuous, 
such that 

Vo(\\ u ||) < $i(u) < 77 i(|| u ||), u E X, 

with : [0, oo) —>■ [0, oo) (i = 1,2) nondecreasing and let : X t —y R 
(i — 1,2) be two locally Lipschitz functions such that 

J\,n = + ^$2 + fJ-9 ° $3 

restricted to X satisfies the (PS) C -condition for every c G R ; A G T, 
/j, G [0, |A| + 1] and g G G r , r > 0. Assume that $1 + A $2 is coercive 
on X for all A G T, and that there is p E R such that 

sup inf [$i(u) + A(<E> 2 (u) + p)\ < inf sup [$1 (u) + A($ 2 («) + p)}- 
Ae r xe x ug x Ag r 


Then there are a non-empty open set AcT and r > 0 with the property that 
for every A E A there is p, 0 G (0, |A| + 1] such that, for each g, E [0,/io], the 
functional 

= $1 + A<E>2 + P&3 

has at least three critical points in X whose norms are less than r. 

Let a be a real-valued function defined on [0, 00 ) and having the following 
properties: 

(i) a( 0 ) = 0 , a(t) > 0 if t > 0 , and lim a{t) = 00 ; 

t—> OO 

(ii) a is nondecreasing, that is, s > t implies a(s) > aft); 

(in) a is right continuous, that is, lim a(s ) = aft). 
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Then the real-valued function A defined on R by 


r\t\ 

A(t) = / a(s) ds 


is called an N-function. For a N-function A and an open set hi C R^, the 
Orlicz space is well known (see pQ). When A satisfies A 2 -condition, 

that is, when there are t 0 A 0 and K > 0 such that A(2t) < KA{t ), for all 
t > t o, the space is the vectorial space of the measurable functions 

u : 0 —> R such that 

/ A(|u|) dx < oo. 

Jn 

The space La( hi) endowed with Luxemburg norm 


u\a — inf< A > 0 : / A 


dx < 1 


is a Banach space. The complement function of A, denoted by A, is given 
by its the Legendre transformation 

A(s) = max {si — A(t)} for s > 0. 


One can show that A is the complement of A, and we have 

st < A(t) + A(s). 

Using the above inequality, known as Young’s inequality, it is possible to 
prove the following Holder type inequality 


uv dx 


< 2\u\a\v\z, 


V u G L^iP) and v G L^[VL). 


It is worth noticing that the La{Q) is reflexive if, and only if, A and A satisfy 
the A 2 -condition, with 

(L A (0 ),|-U, n ) = (L^(f2 ), || ■ H^q) , (Lj(fi), | ■ I^q) = (La{£1), || ■ IU,n) • 

The Orlicz-Sobolev space kU 1,j4 (fl), also denoted by W 1 La{ O), is defined 
in the same way of Sobolev spaces. The usual Orlicz-Sobolev norm of 
W M (Q) is 

\\u\\ = | u\ A + |Vu|a- 
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It follows that W l ' A (fl) is a reflexive and separable Banach space, since A 
and A satisfy the A 2 -condition. Moreover, the A 2 -condition also implies that 


A(\u n -u\)->0 


( 3 . 1 ) 


u n —y u in L^iP) 4=^ 

and 

u n —y u in iy 1,A (r2) 4=4- I A(\u n — w|) —> 0 and I A(|Vw n — Vu|) — > 0. 

Jn Jn 

( 3 . 2 ) 

Another important function related to function <h, is the Sobolev 
conjugate function A* of A defined by 


= 


n A -i, 


S (N+1)/N 


ds , t > 0. 


Let fl be a smooth bounded domain of M. N . If T is any N-function 
increasing essentially more slowly than A* near infinity, then the imbedding 
W 1 La(P) L^(fl) exists and is compact (see p]). 

Moreover, we have the following result, due to m Theorem 6.1 (i)]. 

Proposition 3.1 Let fl be a Lipschitz domain in M iV , 1 < n < N and A be 
a Young function such that 


A(t) 


dt < oo. 


Let 


where 


A T [t) 


n- 1 ® /A(r)N^ 


H(r) : = 


t 


Assume that 


A(t) 

K 

t \ n ~ k 


H(t ) i~ N dr, t > 0 , 

( 3 . 3 ) 

, N—l 

— 1 — \ N 

N-l \ 

dt ] 

( 3 . 4 ) 


A(t) 


dt = oo. 


Then there is a constant C = C(fl, k) > 0 such that 

IITr u \\L A T(dn) A C\\u\\ wk ,a^, 


( 3 . 5 ) 
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for every u E W K,A {Vl). Moreover, L At (8 Q) is the optimal Orlicz space in 
( 13 . 51 ) . in the sense that if ( 13 . 5 j) holds with At replaced by another Young 
function Y, then L Ar (dQ) —>■ L r (dQ). 


4 Application to a differential inclusion with 
nonhomogeneous boundary condition 

For A, /i > 0, we consider the following differential inclusion problem, with 
nonhomogeneous Neumann condition: 

(p \ f —div(4>( | Vu |)Vm) — <f{\u\)u E A dF(u(x)) in A2, 

\ g G ndG{u{x )) on 

where C is a bounded smooth domain with N > 2 and the function 
<f{t)t is increasing in ( 0 , +oo), that is, 

( 0 i) lim s<f(s ) = 0 and lim s<f(s) = +oo, 

s—>0+ s—H-oo 


(^ 2 ) s H y s(j)(s ) is increasing in [ 0 , 00 ), 


M t < <m, t > 0, l,m> 0, 

where <I>(t) = 

With these hypotheses, we have that <f> is a iV-function satisfying the 
A 2 -condition. Next, we show some examples of functions <f>, for which the 
related function <f>(t)t = for t > 0 , verifies the conditions (</>i) — (<^ 3 ): 

i) <f ft) = \t\ p , for 1 < p < N; 


f>(s)sds, l <m < 1*, 1* = ——- and m* = 


N — m 


ii) <f At) = \t\ p + I t\ q , for 1 < p < q < N and q E (p,p*), with p* = -; 

N — p 

Hi) <f>(t) = (1 + |t| J ) 7 - 1, for 7 E (1, minjf, j^}); 

-1 + VI+ 4 N 


iv ) <£>(£) = \t\ p ln(l + \t\), for 1 < p 0 < p < N — 1 with p 0 


2 











14 


From now on, we will assume that F : R —> R is a locally Lipschitz function 
satisfying 

(Fi) there is c 2 > 0 such that 

|£| < c i(l + &(l*l)l*l)> £ e t 


with b : (0, +oo] —y R a C 1 function such that 



m<b 0 < (J <h< r, 

B{t) 

(&i 

for all t. > 0 , with 

( b(t)t y >o, t > o, 

(62 

and B(t) = J ^ 1 b(s] 

Is ds ; 



.nax{|e|;| £ dm] = 

Fit) 

(F 3 ) limsup —— < 0; 

]t|-H-oo 

(F 4 ) F(0) = 0 and there is t 0 G R such that 

F(t 0 ) > 0. 


Let also G : R —> R be another locally Lipschitz function satisfying 

(Gi) there is c 2 > 0 such that 

|£| < c 2 (l + fe(|s|)|s|), £ G dG(s), s G R, 

where b : ( 0 ,+oo) —> ( 0 ,+oo) verifies (&i), (fe 2 ), with B(t) = 

b(s)s ds, b 0 = b 0 and b\ — bi, 1 < b 0 < b 3 < T — 

Since F and G are locally Lipschitz, by [F\) and (F 2 ), <3 > 2 : Ls(h2) —>• R 
and $3 : L-g(dQ) —> R given by 

$ 2 (u) — — I F{u)dx, $ 3 (u) = — G{u)dx 

Jn JdQ. 
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are well-defined locally Lipschitz functionals. Moreover, due to Alves, 
Goncalves and Santos [ 2 ], we have 


and 


C — / dF(u)dx , u £ Lb{ 11) 


c>$ 3 (n) C — / dG(u)dx u £ 
Jan 


(4.1) 

(4.2) 


Let J AjM : —>■ R given by 

Ja,» = <f>i(u) + A$ 2 (u) + p$ 3 (u), u £ 

be the energy functional associated to the problem (P A)/t ), where 
$i(u) = J n $(| Vu|) + $(ii) dx is a C 1 functional with derivative 


(^[(u),v) = / 0(| V« |)VuVu dx + 


u |)uv dx , u,v £ hh 1 ,$ (r 2 ) 


Note that J A)/i £ Lip; oc (hh 1 ,$ (r2),M). To prove the above theorem, we 
need the following auxiliary results. Under assumptions (0 1 ) — (03), the 
inequalities listed in the following lemmas are valid. For demonstrations, see 


Lemma 4.1 Let, for t > 0, £ 0 (i) — min{0, t m } and £i(t) = ma x{t l ,t m }. 
Then 

®(t)£ 0 (p) < $(tp) < $(i)fi(p), 

£o(M*)< [ ®(|Vw|) dx <6(||«lk), Vrt £ VU 1,$ (0). 

Jn 

Lemma 4.2 Let, for t > 0, r) 0 (t) — mm{t b ° ,t bl }, r)i(t) — max{t b °, t bl }, 
rj 0 (t) = rninj^ 0 , t } 1 } andrj^t) = max {Ah t bi }. Then 

Vo(\u\b) < / B(u)dx <r}i(\u\ B ), 

Jn 

Vo(\u\b) < / B{u)dx <Ti{\u\b): 

Jn 

B(s)rj 0 (t ) < B(st) < B(s)rji(t), s,t £ R, 

B{s)rj 0 (t) < B(st ) < i?(s)rj 1 (t), s,t £ R. 
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Lemma 4.3 For every s > 0, we have 

$ < $(s) and $(<^(s)s) < $(2 s). 

The next result is a version of Brezis-Lieb’s Lemma | 8 J for Orlicz-Sobolev 
spaces and the proof can be found in HD. 

Lemma 4.4 Let 12 C open set and $ : R —* [0, oo) an N- 

function satisfies A 2 — condition. If the complementary function $ satisfies 
A 2 — condition, (f n ) is a bounded sequence in L$(12) such that 

fn(x) -> f(x) a.e. x G fl, 

then 

f n 1 f in 

Corollary 4.1 The embeddings IT 1,$ (f2) Lb(LI) and VF 1,3> (f2) L<j>(12) 

are compact. 


Proof: It is sufficient to show that B increases essentially more slowly than 
near infinity. Indeed, 


B{kt) < B(l)rji[kf) 

$*(t) ~ Ut) 


B(l)k bl t bl ~ l \ k> 0. 


Since b\ < l*, we get 


lim 

£—>•+00 


B(kt) 


0 . 


Analogously, we get the same conclusion for 4>. 


Theorem 4.1 The embedding W 1 ’® (12) L-^(dfl) is compact. 

Proof: Following Theorem 13.11 we need to show that B increases essentially 
more slowly than <&t near infinity. 


Claim 4.1 There are constants ci,c 2 G M, c 2 > 0, such that, for t large 
enough, 


<M«) > Cl + c 2 t J . 


( 4 . 3 ) 
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Assuming the claim is proved, we have, by Lema 14.21 for t large enough, 

B(kt) 'B(l)f} 1 (kt) B(l)k l n 1 ' 

&r(t) ci + c 2 t l Ci + c 2 t l 

which goes to zero as t goes to infinity. Then B increases essentially more 
slowly than $- 7 - near infinity and, by Theorem 13.11 we have VL 1 ,# (n) c -> 
L^(dQ) compactly. 

Now we prove the claim. By Lemma [4.11 

$(1 )t l < $(t) < <L(1 )t m , t > 1, 


and then 


By (J 33 I) and (J 33 J), 


r / £l-m \ jv_i 


i-l—m 


t t 
< — < 


1-1 


<h(i) ~ $(t) - $(i) 


t > 1 . 


(4.4) 


<L(1) 


N-l 

N 


(45) 


Note that 


" r / t 1 - 1 \ “ 

) W); 


JV-l 

N 


N-l 

N / /»t* 


dt 


1 

N-l 


*( 1 ) 

1 

$(l)v ^ 1 + 
1 




1 N-l 

r N-l 


N-l 

N 


$(l)w \N — l 


N-l 

N ~ 1\ N N-l 
T N 


(4.6) 


Analogously, we have 

't 1 


4(1) 


N-l 

N 


dt 


4 ( 1 )' 


N-l 

N — 1 \ N N-m 
T N 


N — m 


(4.7) 


By (USD - (ED, 
1 


$(l)iv \N 


N-l 

N — 1 A n N-m 1 

r » < H[r ) < 


m 


$(1 )N \N -l 


N-l 

N — 1\ N 


T N 



































18 


Letting 


N -1 

1 / N- 1 \ — 

4>(l)w \N-m) 


N—l 

1 (N- 1\~ 

Cl ’ N i(iji v^tJ 


we can rewrite the last inequalities as 


N — m 

Cm,NV N 


< H(r) < c hN r 


N—l 

N 


(4.8) 


Setting c$ := J 0 ' N 1 H(t)^ n dr, cj N := Q ) a/- 1 - jv <L( 1) jv - 1 , we have, by 

f!3.3p and (14.8p . for t large enough, using the inequality preceding (14.41) . 



> C$ + 


$(r) 

r 


N — 2 
JV-1 


rr _ l , ,, N —2 

H (*) /$(r) ^ JV_1 


F i 


= C$ + C; n 1_ 


iL(r) 1 ~ N dr + 


N—2 1 f i-iV N—2 1 

4>(r) N ~ 1 q ; tv 1_jv t 1 N ( 1 ~ N ) n ~ 1 j dr 

N—2 l-N(N-l) 

/ <| > ( T ) AT - 1 r AT(JV-l) 

^ 1( 'b l(N-2) l-N(N-l) 


> C$ + C^AT 1 -^ 4(1)^t J T ~N^~ T N(N-l) dj 

r H 1 (t) i + Nl(N- 2) , 

= c$ + cj tN / r JV ( JV - 1 ) dr 


= c$ + c 


1 l+Nl(N- 2 ) 
N{N-1) 


l+Nl(N-2) 
j- JV(iV-l) 


r=H- 1 (t) 

T=1 


iL(r)dr 


= C4 + 8 . N LhLrl) 


" z ’ iV / + At/(Ar_ 2 )' 


m + Nl(N — 2) 


C Z,7V c $ C Z,W 


Now, let 



























19 


and 


r 3 •- r 1 
c l,N ■— c l,N 


N(N — 1) 
m + Nl(N - 2) 


1 N—2 N(N — 1) 

= Q.AT 1 -^ $(1)^-1 


= $(1) iV(JV-l) 


l + Nl(N - 2) 
N-l 


N — l 


N(N-l) 


l + Nl(N- 2) 


. . JV(JV-2) + l /V(/V — 1 ]\T - 1)n 

= $m N(N-1) —1 - L - 1- L- > 0 

1 ’ l + Nl(N — 2) 


So, for t large enough. 


„ „ „ l+Nl(N- 2) 

$r(t) > ?i, N + N{N ~ l) • (4-9) 

On the other hand, by (14.8ft . we have, for t = H(r) large enough, 


t < —;- J - — H~\t) 


N-l 

N 


and then 


H~\t) > 


$(1) N ~i (N — l) N ~l N 


t N ~ l . 


(N- l)*=r 
From (14.91) and (14.101) . for t large enough, 

„ „ l+Nl(N- 2) 


(4,10) 


(4,11) 


where 




N-l 


N-l 

N-l 


l+Nl(N-2) 

(N-lXN-1) 


N-l 


Now observe that 


l + Nl(N - 2) 
(N-l)(N-l) 


—l(N — 1 ) + Nl(N — 1 ) 
(N-l)(N-l) 
/(IV- 1) __ j* 


N-l 


(4.12) 
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Finally, by (14.lip and (14.12ft . 

M*) > cl N + c{ N t l , 

for t large enough. ■ 

Remark 4.1 By Theorem \4-l\ if B(t) = \t\ p , with 1 < p < l , the embedding 
14^(0) L p (dPl) is compact. 

Proposition 4.1 The following limit holds: 

inf{$ 2 (w);w e VF 1,$ (0), $1 {u)<t} 

Inn -----= 0 . 

t—>o+ t 

Proof: Applying Lebourg’s mean value theorem and using (F x ) — (F 2 ), for 
e > 0, there is K — K e > 0 such that 

| F(t) |< mef(f) + KB(t ), tel. (4-13) 

By (14.13p and Corollary 14.11 we have 

$ 2 (w) > - c e 77i(||w||). (4-14) 

For t > 0, set S t = {u G VF 1 ,# (f2); $i(m) < t}. Using (14.1411 . we obtain 

4 > 2(M) C e b 0 -m 

0 > -> — era-1 ™ . 

t t 

Taking the limit t —> 0 + , since e > 0 is arbitrary, the desired limit follows. ■ 

Proof of Theorem II. II : For t > 0, let 

j3(t) = inf G W 1 ,$ (fi), < t} . 

Note that /3(f) < 0 and, by Proposition 14.11 

(4.15) 


lim M = o. 


t->0+ t 

Now consider the function uq = to in U, f 0 given by (Ff). Then uo G VF 1 ,$ (Q). 
Note that to 0 (since F(0) = 0), so ^(tto) < 0. Therefore it is possible to 
choose a number rj > 0 such that 

4 ) 2('Wo) 


0 < rj < 
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By (14.151) . there is t\ G (0, <hi(wo)) such that —/3(ti) < r]t\. Thus, 

_ P(ti) < ^(up) 

H $i(u 0 )‘ 


(4.16) 


Due to the choice of t\ and using (14.161) . we conclude that there is po > 0 
such that 

- P(ti) < p 0 < < -$ 2 (u 0 )- 


$i(«o) 

Now let ip : W 1 , 3 , (n) x I —y M be defined by 

<p(u, A) = $i(w) + A<h 2 (u) + Apo) u £ hh 1 ’ < ^(r2), A G I, 

where I = [0, + 00 ). We assert that <p satisfies the inequality 

sup inf (p(u, A) < inf sup<p(u, A). 
a ei «er.*(n) uew^(n) \ G i 


(4.17) 


(4.18) 


Indeed, the function 


/9 Ag inf (p(u, A) 


is upper semicontinuous on /. It follows from (I4.17P that 

lim inf ip(u, A) < lim ($i(u 0 ) + A(p 0 + $ 2 (u 0 )) = — 00 . 

A—»+oo «£iy 1 >*(r2) ~ ' A-H-oo 

Thus we find an element Ao G / such that 

sup inf ip(u, X) — inf ip(u, A 0 ). (4.19) 

Ae / 

Since —/3(ti) < p 0 , it follows from the definition of /3 that, for all u G (A2) 
with $i(w) < ti, — $ 2 (u) < po- Hence 

h < inf ($i(u); u G lh 1 ,$ (0), -<h 2 (u) > Po} • 

On the other hand 


inf sup<p(w, A) = inf $i(u) + sup(Apo + A$ 2 (u)) 
uer.*(n) ag7 uew l >*(n)\ as/ 

= inf {$i(u);-<h 2 (u) > po} • 


(4.20) 
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Thus, (14.201) is equivalent to 


t\ < inf sup wfu, A). 
uew 1 -*^) as/ 


(4.21) 


There are two cases to consider. For Ao G [0, j^), 

inf <p(u, A 0 ) < <^(0, A 0 ) = A 0 p 0 < h- 

uew^ici) 

Combining this inequality with (14.19j) and (14. 21 j) . (14.18j) follows; if ^ < A 0 , 
then, from (14.171) . 

inf <p(u, A 0 ) < $i(u 0 ) + A 0 (p 0 + $ 2 (^ 0 )) 
uew v $ (n) 

< — —-$ 2 (^ 0 ) + —-(po + $ 2 (^ 0 )) = h, 

Po Po 

and we conclude (14.18ft by another application of (14.19jl and (14. 21 ji . Fix 
g G G t . Now we are in the position to apply Theorem 13.11 we choose 
x = VF 1 ' <& (9), X\ = L b (Q), X 2 r = I = [0,+oc), and ceR. 

We shall prove that the functional : VF 1,$ (9) —>■ M. given by 

J\A U ) = $i( M ) + A$ 2 («) + g{g ° $3)0-0, u e tF 1,$ (^), 

satisfies the ( PS) C condition. By (S 3 ), (S 7 ) — (S 9 ) and Theorem 12.11 we have, 
for every u,o6 VF 1,$ (r2) and w G dJ\ t/1 (u), 

(w,v) = ($[(u),v) + A (£ f ,v) +pp'($ 3 (m)) {€g,v), ( 4 - 22 ) 

for some G S < F 2 ('u) and G <9$ 3 (u). First of all, let us observe that 
$1 + A4> 2 is coercive on VF 1,<J> (n), due to (F 3 ); thus, the functional is 
also coercive on VF 1,<J> (r2). Consequently, it is enough to consider a bounded 
sequence {u n } C PF 1,$ (fl) such that 

J\A u n ) -t c A,/t and m x A u n) -> 0. (4.23) 

Assuming ||ta n ||* = m\ ifl (u n ), there are e <9$2(^n) and An £ S$ 3 (w) such 
that 


(w n ,v) = {^[(u n ),v) + \{£*,v) +/ip'($ 3 (w n )) (£n,v) 
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for any v G bb 1 ,$ (r2). By the boundedness of the sequence { u n } in bL 1 ,$ (f2), 
which is a reflexive space, we have, from Corollary 14.11 and Theorem 14.11 
u G l / h 1 ,$ (h2) such that 

u n — x u em VK 1 ’^ ( 0 ), 
u n —y u em L b (Q), 


u n —y u em Fg(cA 2 ) 


and 


u n (x ) —> u(x ) a.e. x G hi 


Claim 1: {£^} C dF{u n ) is bounded in Lg(f2) and {g'($ 3 (w n ))^} is 
bounded in L^(d£l), where {£ G } C dG{u n ). 

By (Fi) and Lemmas 14.21 and 14.31 we have 


VI 

*cq 

C 1 0 I +c / B(b(\u n \)u n ) 


Jn 

< 

c + c B(u n ) 


Jn 

< 

c + cni{\u n \ B ) 

< 

c T ctj (11 u n 11) < c, n G N, 


(4.24) 


where c > 0. Another application of Lemmas 14.21 and 14.31 and using (Gi), 
Holder’s inequality and Corollary 14.11 gives 


|<£>>| = 


P G v 

Sn 


fan 


< c 2 / (1 + b(\u n \)\u n \)\v\ 

Jon 

— C (1 + \ u n\B,dn)\ V \B,dfl 

< c(l + ||u n ||)||w|| < c||u||. 

By Lebourg’s Theorem and (Gi), there is c > 0 such that 

|G(t)| < c(l + b(\t\)\t\ 2 ). 

Thus, arguing as in (14.251 . 

|$sK)| < c + crj^UnlB'Sci) < c+c^idKH) < c, 


(4.25) 
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for any n 6 N. Since g e C 1 , we have 

|3 / (4 > 3(«n))(£n>'y)| < c|(/ / ( < f > 3 (ti ri ))| |H| < c||w||, 

for any n G N. Then {5 '($ 3 (m„))^} is bounded in L^(dQ). 

Using (j4.22j) with v = u n — u, we obtain 

On(l) = ($iK),M„ ~U) ~ X / - u) - ^'($ 3 (u n )) / ^(lin - li). 

do dao 

(4.26) 

From Claim 1, 


A / C(Mn-tt) +W'(^(M n )) / gjiUn-u) 
Jn Jan 


< 
G I 


< A |£n IsK - + h |d(^3(Mn))C 

<cA|w n - w|b + c/r|u n - m|b ) 90 -t 0. 


« iB,an 1Un u \B,an 


(4.27) 


By lemma S3] 


/ $(0KK) < / 4>(2« n ) < 2 m / $K) < 2"*£ 1 (|u n |*) < c, 
'o Jn Jn 


which implies 


H\ U n\)Un(u n ~ U ) 


Combining f!4.261) - (14.28[) . 


< \(p{u n )u n \^\u n - u|$ < c|it n - u |$ ->• 0. (4.28) 


V Jin |) ^ (iin u ) 


->■ 0. 


Since, for some subsequence, 

du„ du 


in L$(h2), 


we have that 


<9xi dxi 
0(| Vw |)VnV(n n — u) —» 0. 


in 


(4.29) 


(4.30) 
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From (14.29R and (14.301) . 


0< / (0(|Vu n |)V^ - 0(|Vu|)Vu) (Vu n - V«) 0. 

Jn 

Applying a result due to Dal Maso and Murat [21], we obtain 


Vm„ —> Vm a.e. fh 


Now, using Lebesgue’s Theorem, we obtain 

u n -> u in VF ll$ (n). (4.31) 

It remains to apply Theorem 13.11 in order to obtain the conclusion. ■ 
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